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This work investigates the effect of elite pool that has high-quality and diverse solutions in three hybrid
population-based meta-heuristics with an elite pool of a hybrid Elitist-Ant System, a hybrid Big Bang-Big
Crunch optimization, and a hybrid scatter search. The purpose of incorporating an elite pool in population-
based meta-heuristics is to maintain the diversity of the search while exploiting the solution space as in
the reference set of the scatter search. This may guarantee the effectiveness and efficiency of the search,
which could enhance the performance of the algorithms and generalized well across different datasets.

ﬁ;{)‘fg ii:eta—heuristics To test the generality of these meta-heuristics via their consistency and efficiency, we use three classes
Elite pool of well-known combinatorial optimization problems as follows: symmetric traveling salesman problem,

0-1 multidimensional knapsack problem, and capacitated vehicle routing problem. Experimental results
showed that the performance of our hybrid population-based meta-heuristics, compared to the best
known results, is competitive in many instances. This finding indicates the effectiveness of utilizing
an elite pool in our hybrid meta-heuristics in diversifying the search and subsequently enhances their
performance over different instances and problems.

Elitist-Ant System

Big Bang-Big Crunch

Scatter search

Combinatorial optimization problems

© 2016 Published by Elsevier B.V.

1. Introduction

The continuing research on building a successful generic
problem solver offers the prospect of creating artificial intel-
ligent systems that can generate practical solutions to many
combinatorial optimization problems (COPs). Seeking for computa-
tional effectiveness and efficiency, research in meta-heuristics has
evolved rapidly in an attempt to find good quality solutions to these
problems within a desired time frame [1]. A meta-heuristic is a
high-level strategy which guides other problem-specific heuristics
to search for solutions in a possibly wide set of problem domains
[1]. Meta-heuristics are usually effective and flexible; they are
increasingly gaining popularity [1]. There are a wide variety of
meta-heuristics that have been introduced. They are classified as
single solution vs. population-based approaches. Single solution
approaches focus on modifying and improving a single candidate
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solution; e.g. simulated annealing, iterated local search, and vari-
able neighborhood search [2]. On the other hand, population-based
approaches maintain and improve multiple candidate solutions
(population of solutions), e.g. evolutionary computation, genetic
algorithms, and particle swarm optimization [2]. Talbi [3] illus-
trated another class of meta-heuristics, that is swarm intelligence,
which is a collective behavior of decentralized, self-organized
agents in a population or swarm; e.g. ant colony optimization, par-
ticle swarm optimization, and artificial bee colony.

The population-based method is used because of its capability to
explore search space and can be easily combined with local search
method in order to enhance solution exploitation mechanism [4].
On the other hand, some common local search methods that have
been applied to COPs are tabu search, simulated annealing, and
iterated local search. The local search method is utilized because of
its capability to exploit solution space [2].

The strength of population-based method is relied on the
capability of recombining solutions to obtain new ones [2]. In
population-based algorithms such as genetic algorithm, memetic
(hybrid genetic) algorithm and scatter search, a structured solu-
tion recombination of elite solutions is performed explicitly (which
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involve moving or swapping assignments or permutationsina solu-
tion, representing the information exchange between generations)
using one or more recombination operators, such as crossover and
mutation [2]. The term explicit means that a solution is repre-
sented directly by the actual assignment/permutation/allocation
and fitness values of solutions. Another kind of recombination is
the one performed implicitly, where new solutions are generated
using a distribution over the search space which is a function of
earlier populations representing the search experience [2]. Ant sys-
tems and Big Bang-Big Crunch use implicit recombination. The term
implicit means that a solution is represented indirectly by the fit-
ness values of the assignments or values of their contribution to
search (e.g. constructing a solution). This enables the search process
to perform a guided sampling of the search space.

However, in general, the intensification mechanism in a
population-based method still needs to be improved in order
to obtain high-quality solutions. Hence, in order to enhance
the intensification process, a meta-heuristic that has a capabil-
ity in exploiting the solution space (e.g. hill climbing) is usually
hybridized with population-based method. Many studies have rec-
ommended this hybridization, such as [2,3] and [5-7]. Local search
method is a meta-heuristic that has the capability in exploiting
the solution space that can be complemented with population-
based approach to overcome the weakness in the population-based
method and to further enhance the quality of solution in the pool.

Generally, we can define the term elite pool as an - adaptive -
memory structure with a set of diverse and high-quality solutions
that stores useful information about the global optima in the form
of adiverse and elite set of solutions. This structure gives the search
process the ability to recombine samples from the elite set, so as to
exploit useful information about the global optima.

In addition, the utilization of an elite pool or reference set (that
has high-quality and diverse solutions), to control the diversity of
search, and a dynamic manipulation of the population size are also
recommended for better performance of hybrid meta-heuristics
[4]. A good performance (w.r.t. consistency, efficiency, effective-
ness, and may be generality) is presented by maintaining a balance
between diversification and intensification of the search [8]. There-
fore, we have chosen the scatter search (SS), Elitist-Ant System
(Elitist-AS), and Big Bang Big Crunch (BB-BC) for this study that had
been hybridized (in our previous studies) with some diversification
and intensification mechanisms to enhance their exploration and
exploitation of the solution space. This has been achieved (in our
previous works) by incorporating an elite pool (containing both
diverse and high-quality solutions) and employing a local search
heuristic to intensify the search around elite solutions, while a
degree of diversity is maintained. These were applied to the course
timetabling problems (see [9-11]). The reason of choosing those
three meta-heuristics (Elitist-AS, BB-BC, and SS) are [8,12,13]:

e SS provides a deterministic selection of reference set or pool of
elite solutions in terms of quality and diversity. This performs a
systematic neighborhood search in the Euclidean or Hamming
spaces.

e SS and BB-BC have structured solution combinations using diver-
sification strategies that do not merely rely on randomization.

e SS evolves a strategy of updating in a form of exploiting an adap-
tive memory to preserve good quality and diversity.

e Elitist-AS, SS, and BB-BC provide useful information about the col-
lection of elite or diverse solutions. However, Elitist-AS and BB-BC
do not originally possess elite pool of high-quality and diverse
solutions.

¢ SS and BB-BC support direct solution representation in a Ham-
ming or Euclidean space that is easy to manipulate.

e BB-BChas anelitism strategy and a fast convergence toward high-
quality or diverse solutions. However, this process needs to be

controlled in order to maintain a balance between diversity and
quality of the search.

e BB-BC uses the Euclidean distance to measure similarities
between solutions which help to point elite solutions (high-
quality and diverse solution).

e Elitist-AS has an elitism strategy with a memory (pool) of diverse
solutions. It is sufficient for exploring and exploiting the solution
space but still insufficient to balance between diversification and
intensification in the search.

In addition, we have chosen both Elitist-AS and BB-BC to exper-
iment the effect of employing an elite pool alongside their implicit
solution recombination. That is, we also aim to compare both
meta-heuristics against the SS as an explicit recombination-based
meta-heuristic. Therefore, this study aims to investigate the effect
of elite pool to the performance of the population approaches in
terms of their generality in solving a variety of COPs. Based on
the utilization of an elite pool, the study investigates the perfor-
mance (consistency, efficiency, effectiveness and generality) of the
three hybrid meta-heuristics by testing them on three classes of
NP-hard COPs. The three COPs are: (i) packing problems: the 0-1
multidimensional knapsack problem; (ii) permutation optimiza-
tion problems: symmetric traveling salesman problem; and (iii)
routing problems: Capacitated Vehicle Routing problem.

In this study, we have intentionally fixed the size of the mem-
ory structures in our hybrid meta-heuristics and maintained the
same update strategy. We have also compared them to similar
hybrid approaches and standalone methods such as genetic algo-
rithm, particle swarm optimization and ant systems. In addition,
it is worth mentioning that some studies that are similar to our
study give us confidence about investigating the effect of elite
pools. These studies include [14] who applied a learning proce-
dure (based on gene-expression programming hyper-heuristic)
to a number of COPs, including vehicle routing problems. Other
examples include [15-17]. Those studies were applied to the
course timetabling problems but their interesting contributions
are related to the effect of permutations in the first place which
might somehow affect the performance or even the importance
of an elite pool. As mentioned above, we are motivated, thus, to
investigate the effect of the elite pool in hybrid population-based
meta-heuristics.

Therefore, our research question boils down to the following:
“Does the use of elite pool (a pool of diverse and high-quality solutions)
in a population-based meta-heuristic enhance the performance of a
meta-heuristic when compared to the one that only uses the diverse
pool?” Therefore, our objectives include the following:

1. Propose a population-based meta-heuristic by incorporating a
memory structure (e.g. elite pool) which contains a set of diverse
and high-quality solutions to strike a balance between diver-
sification and intensification - exploration and exploitation -
within the search space; and

2. Test the performance, i.e. generality and consistency, of the
proposed hybrid population-based metaheuristic over three dif-
ferent COP domains, that are of a very different nature. We also
compare the results with the state-of-the-art population-based
meta-heuristics.

The paper is organized as follows: Section 2 describes the prob-
lems chosen for the study. Some related works are presented in
Section 3. The proposed hybrid meta-heuristics and their design
are presented in Section 4. Section 5 shows and discusses exper-
imental results obtained by the proposed hybrid metaheuristics.
Finally, the conclusions are presented in Section 6.
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2. Problems description

Before describing the problems, the reason behind choosing the
above mentioned three COPs (although they have been intensively
studied in the literature) is that, they are very common and are
derived fromreal world applications. Hence, the three COPs provide
a very good platform for testing the impact of an elite pool on
the performance and generality (consistency and efficiency) of our
hybrid population-based meta-heuristics.

2.1. Symmetric traveling salesman problem

The symmetric traveling salesman problem (STSP) is an impor-
tant optimization problem that represents many fields of real
world situations such as those found in the areas of transportation,
logistics and semiconductor industries [18]. TSP is a very popular
NP-hard COP [19]. The basic principle of TSP is that the salesman
starts travel from a city to his tour and returns to the same city
while trying to obtain a closed tour with a minimum cost. When he
takes his tour, the salesman must visit every city once. The cost of
his tour directly depends on its length.

Given a set of cities and their positions (pairwise distances), the
aim in its classic form is to find the shortest path where each city is
visited only once and make sure that the path ends at the starting
city. The set of initial solutions is created by randomly generating
permutation sequences. The quality of solution is represented by
the total distance of the route.

In this study, we adopt the concept of calculating the distances
between cities from [20], where the distance between city i and city
(i+1) is calculated as the Euclidean distance using the following
equation:

AT T+ 1) = A/ = X1 + 03 = Y3 (1)

The aim of solving TSP is to minimize the total closed tour
length (see [21] for detail formulation). In this study, our hybrid
meta-heuristics generate populations of initial solutions using
Nearest Neighbor constructive heuristic as in [22], and the dis-
tances between cities are measured by integer numbers as in [20].
The instances used in this work are taken from the TSPLIB bench-
mark library that was introduced by [21,23]. These instances have
been used in many studies and some were extracted from practical
applications of the TSP.

2.2. 0-1 multidimensional knapsack problem

A Knapsack Problem (KP) requires a subset of some given items
to be chosen such that the corresponding sum of profit is max-
imized without exceeding the capacity of the knapsack(s). There
are several types of KP, depending on the distribution of the items
and knapsacks such as: Single KP (e.g. 0-1 KP and Bounded KP)
and Multiple KP (e.g. 0-1 MKP and Bin-Packing problem). In the
Single KP there is one container (or knapsack) must be filled with
an optimal subset of items without exceeding the capacity of the
container. In the MKP, more than one container is available.

Each item in the 0-1KP may be chosen at most once, while in
the Bounded KP we have a bounded amount of each item type.
The Multiple-choice KP occurs when the items should be chosen
from disjoint classes and, if several knapsacks are to be filled simul-
taneously, then it becomes a Multiple KP. In this study, we will
consider the most commonly studied KP, which is the 0-1 Multidi-
mensional KP (0-1 MKP). The 0-1 MKP can be described as follows:
The problem consists of a set of items j, each with a weight w; and a
value v;. The items must be packed into one knapsack with capacity
c. Not all of the pieces can fit into the knapsack, so the objective is

to maximize the value of the pieces chosen to be packed. Refer to
[24] for detailed formulation.

2.3. Capacitated vehicle routing problem

The vehicle routing problem is a well-known and challenging
COP [25]. With a set of customers associated with demand and
serving time, and a fleet of vehicles with a maximum capacity, the
aim is to design a least-cost set of routes to serve all customers,
provided that each vehicle starts and ends at the depot, the total
demand of each route does not exceed the vehicle capacity, and
each customer is visited only once and by one vehicle only during
its time window(s). The set of initial solutions are generated as fol-
lows: first create an empty route, then loop through all customers
and add any one to the current route that does not violate the desig-
nated constraints. If no customer can be added to the current route,
create a new one. The process is repeated until all customers have
been assigned to a route. The quality of solution represents the total
travel distance.

The capacitated vehicle routing problem (CVRP) is a variant of
the classical and static VRP. The CVRP can be defined as the process
of designing a least-cost set of routes to serve a set of customers
(see [25] for detailed formulation). A fixed fleet of delivery vehicles
of uniform capacity must service a set of known customer demands
for a single commodity from a common depot. A solution is feasible
if the total quantity assigned to each route does not exceed the
capacity of the vehicle which services the route.

The goal is to find a feasible set of routes that do not violate
any hard constraints and minimize the travel distance as much as
possible. The hard constraints that must be satisfied are [25]: (i)
each vehicle starts and ends its route at the depot; (ii) the total
demand of each route does not exceed the vehicle capacity; (iii)
each customer is visited only once by exactly one vehicle; and (iv)
the duration of each route does not exceed a global upper bound.
The quality of the generated solution is represented as the total
traveling distance. Refer to [25] for more details.

3. Related work

A large variety of methodologies were applied to different
classes of TSPs, KPs and VRPs. Most common and interesting
methodologies are presented in the following subsections. While
a variety of heuristics and meta-heuristics has been widely used
and successfully applied to solve the STSP, 0-1 MKP and CVRP for
several years, the Elitist-AS and BB-BC have not yet been applied to
solve the those COPs. The SS was applied to solve the STSP and 0-1
MKP but not the CVRP.

3.1. STSP

Some examples of meta-heuristics and hybrid approaches
applied on the STSP include combinatorial an artificial bee colony
[20], an ant system with a cooperating agents strategy [26], a
genetic algorithm with a generalized chromosome strategy [27],
a scatter search with a particle filter strategy [28]; a particle swarm
optimization multiple phase neighborhood search and greedy ran-
domized adaptive search [7], an ant-based hyper-heuristic [29] and
a hybrid (2-stage) ant colony optimization [30].

3.2. 0-1 MKP

Recently, a variety of exact meta-heuristics hybrid approaches
and hyper-heuristics have been proposed in the literature to solve
the 0-1 MKP, including a scatter search with a surrogate relaxation
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[31], genetic programming and hyper heuristics [32], and a double
genetic algorithm with a flipping local search [33].

3.3. CVRP

As the CVRP is an NP-hard problem, only instances of small sizes
can be solved to optimality using exact solution methods (e.g. [25]),
yet this might not even be possible if it requires to use limited
amount of computing time. As a result of this, heuristic methods are
used to find good, but not necessarily guaranteed optimal solutions
using reasonable amount of computing time. During the 25 years,
an increasing number of publications on heuristic approaches have
been developed to tackle the CVRP. Some examples of meta-
heuristics and hybrid approaches applied on the CVRP include
Mathematical programming model [38], tabu search techniques
[39], a genetic algorithm with multi-parent insertion crossover
[40], a hyper-heuristic with a dynamic multi-armed bandit-gene
expression programming [14], a hyper-heuristic with grammati-
cal evolution as an online solver [41], a path-relinking algorithm
with tabu search [42], an artificial bee colony algorithm [43], par-
allel iterative search methods [34], an evolutionary algorithm with
active-guided search strategies [35],and a probabilistic population-
based method with diversification and intensification methods in
local search [36].

3.4. Elite pool

From the above brief review of different methods, it is con-
cluded that many attempts have been made to solve the three
COPs by combining different approaches (hybridization). Two main
properties of all the above methods in the literature can be sum-
marized as follows: (i) First, use a heuristic method to obtain a
feasible initial solution; (ii) second, hybridize the meta-heuristic
method with another heuristic method to improve the solution
during the iteration process. Those works have shown signifi-
cant improvements to the three COPs’ optimal solutions with the
implementation of, mainly, population-based hybridization. For
example, a combination of population-based methods with mul-
tiple phase neighborhood search, or greedy randomized adaptive
search, or local search, or heuristics to select or to generate heuris-
tics, have been effectively solved the three COPs. The purpose of
this hybridization is for expanding the neighborhood strategy in
the population-based method.

In addition, we believe that an adaptive memory structure is
a major component of an efficient and effective hybrid meta-
heuristic (e.g. scatter search and tabu search algorithms). It stresses
out the concepts of memory, intensification — exploitation, and
diversification - exploration. A memory stands for the information
collected by the algorithm on the objective function distribution.
It can be represented as complex structures, like pheromone trails
in the Elitist-AS. Intensification exploits the information obtained,
in order to improve the current solutions. This is typically a local
search routine, while diversification aims at collecting new infor-
mation, by exploring the search space.

The three components presented (e.g. memory, intensification
and diversification) are not always clearly distinct, and are strongly
interdependent in an algorithm. Therefore, we prefer to utilize their
advantages via a complex data structure that updates the search
information more effectively, called the elite pool.

It aims at taking full advantage of an adaptive memory; we use
it as an improvement method of the best solutions obtained after
combinations.

Some of the relationships are mentioned as follows. A pool is
defined as a data structure used to store a number of solutions
which have turned out to be potentially useful throughout the
search [37]. Members of a pool are called elite solutions. Hence,

the concept of elite pool can be presented as an adaptive memory,
which [36] used the idea of genetic algorithms of combining solu-
tions to construct new solutions and employed the tabu search of
[34] as an improvement procedure. Tabu search and unified tabu
search were used by [43]; where infeasible solutions are consid-
ered by extending the objective function with a penalty function
and the use of continuous diversification. Another similar approach
that uses the concept of elite pool is the Granular tabu search [25],
which restricts the neighborhood size by removing edges from the
graph that are unlikely to appear in an optimal solution. Later, other
researchers have also applied this idea on their CVRP heuristics (e.g.
[35]).

Except for the scatter search, path-relinking and hyper-
heuristic, all of the above-mentioned approaches in the subsections
have no elite pool of good quality and diverse solutions, whilst our
hybrid Elitist-AS and BB-BC possess an incorporated elite pool. The
above-mentioned approaches are selected to be compared to our
proposed hybrid methods in our paper due to the fact that they are
applied on the same instances we select. See Section 5.

It is worthwhile to evaluate the performance of the proposed
hybrid algorithms (Elitist-AS, BB-BC, SS) for solving the STSP, 0-1
MKP and CVRP.

4. Proposed algorithms

In this work, we extend the investigation on the impact of an
elite pool on the performance and generality of hybrid population-
based meta-heuristics (from [9-11]) by testing them on STSP, 0-1
MKP, and CVRP instances.

4.1. Hybrid Elitist-Ant System

The Elitist-AS was originally proposed by [44]. Since, the Elitist-
AS is struggled to maintain a balance between diversity and quality
of the search, in our previous work [9], we enhanced its capa-
bility by hybridizing the Elitist-AS with an Iterated Local Search
(ILS), diversification and intensification mechanisms and, an exter-
nal memory to store elite solutions. The ILS is employed as an
intensification mechanism to improve the individual ant solution.
The diversification mechanism is employed by restarting the ant
search (when it stagnates) to explore different regions (when no
further possible improvements) of the search space. Those mecha-
nisms help in strengthen the ability of the pheromone deposition
(intensification) and evaporation (diversification) in diversifying
the search while maintaining the quality. Based on a collection
of diverse and good quality solutions (in the external memory)
and a pre-defined number of non-improvements (in the ILS), the
intensification mechanism will be commenced to improve solu-
tions obtained from the ILS further. Meanwhile, the diversification
mechanism will be applied when the ILS fails to improve the qual-
ity of solutions by reinitializing the pheromone trails. Pheromone
trail can be considered as a memory structure but an elite one at
the same time. That is why we incorporated an external memory
to the structure of Elitist-AS. A generic pseudo code of our hybrid
Elitist-AS is illustrated in Fig. 1 [9].

Our hybrid Elitist-AS algorithm starts the search by constructing
a population of initial solutions using a constructive heuristic (each
problem use different constructive heuristic). Each ant presents a
solution that will be improved using the ILS (as in [5]) for a sig-
nificant enhancement of its quality. Once an elite solution (better
quality and more diverse) is found, it will be stored in the external
memory. This solution will be utilized in the successive iterations
as a reference to guide the search toward a global solution. If the
elite solution is updated (found better solution), the intensifica-
tion phase will be proceeded to further explore neighbors around
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Step 1: Initialization phase
‘While StoppingCriterion is not met do
Step 2: Construction phase  // Problem dependent
For each ant //solution construction
Assign/Allocate elements into feasible routes/allocation via
probabilistic rules;
End for
Step 3: Improvement phase
‘While non-improvement stopping criterion is not met do
Locally improve each constructed solution; //employ ILS
Update size & content of external memory;
End While
If the best solution is updated then
Step 4: Intensification phase;

Randomly explore the neighbors of best solution found (elite solution);
Step 5: Global Pheromone update phase; // Problem dependent
Update pheromone trails for allocation/route appearing in solution;

Else
Step 6: Diversification phase;

Pheromone evaporation; // diversity control

Reinitialize pheromone trails;

Perturb elite solutions in external memory to generate new population;

End If
End While
Step 7: Return Best ant // best solution

Fig. 1. A generic pseudo code of the hybrid Elitist-AS.

the new elite solution in order to generate a better elite solution.
If there is no improvement for a predefined number of iterations
(stagnation state), the intensification phase will be skipped and
the diversification phase is commenced. The diversification phase
will reinitialize the pheromone trail values to restart the search.
The whole steps will be repeated until the stopping criterion is
met, which is either the maximum number of iterations or a global
solution is found.

4.2. Hybrid Big Bang-Big Crunch

The hybrid BB-BC (the BB-BC was originally proposed by [13]) is
basically a search algorithm that is inspired by the theory of the uni-
verse evolution (expansion and shrinking). It mainly characterized
by a fast search space exploration and aggressive solution space
exploitation [45]. This is presented by a population size reduction.
A generic pseudo code of our hybrid BB-BC is illustrated in Fig. 2
[10].

The hybrid BB-BC generates initial populations using the same
constructive heuristic (w.r.t. the tackled problem) as used in the
hybrid Elitist-AS. A large population of initial solution is gener-
ated in the Big Bang phase, and the Euclidean distances among
solutions are calculated. That is to measure their attractiveness
and their diversity toward/from the elite solution; the differences
among fitness values of solutions are used. Unlike the Euclidean dis-
tance used in the TSP or VRP (problem formulation), the Euclidean
distance measure in the BB-BCis generally used to measure the sim-
ilarity between solutions (algorithm’s behavior). In the Big Crunch

Big Bang phase (solutions construction): // Problem dependent
Step 1: Generate population (construct solutions from scratch for the 1%
generation, or else generate new population from elite pool) &
measure Euclidean distances among solutions in the population;
Big Crunch phase (Local Search move): // Step 2 is Problem dependent
Repeat
Step 2: Generate some neighbors for all solutions in the population &
replace the parent with its best offspring for each solution in
the population;
Step 3: Find the centre of mass;
Step 4: Apply local search to the centre of mass;
Step 5: Update the elite pool and the best found solution;
Step 6: Eliminate some poor quality solutions;
Until population size is reduced to a single solution;
Step 7: Return to Step 1 If stopping criterion is not met;
Step 8: Return the best found solution

Fig. 2. A generic pseudo code of the hybrid BB-BC.

phase, a number of neighbors for all solutions in the population
are generated. The parent solutions are replaced by some good
quality off-springs in order to enforce the population converge
toward better quality solution(s). An elite solution (centre of mass)
is determined based on its quality, which is the best quality among
solutions in the population. Then, a simple descent heuristic (as a
local search) is applied to the centre of mass to enhance its quality.
The new centre of mass will be stored into an elite pool acting as
a reference for the search. That is, for the purpose of guiding the
search toward better solution’s quality, we generate new succes-
sive population(s) by utilizing those elite solutions (i.e. centre of
mass). This is achieved by performing some perturbations to the
elite solutions. In the Big Crunch phase, the population size will be
gradually reduced (every iteration) into a single solution by elim-
inating poor quality solutions. The successive Big Bang phase will
generate new population from the solutions of the elite pool rather
than generating them from scratch. The whole process is repeated
until the stopping criterion is met.

4.3. Hybrid scatter search

The hybrid SS performs structured combinations of elite col-
lection (that has high-diversity and high-quality solutions) in a
dynamic memory. The elite collection is the key element to con-
verge the search toward good quality solutions while diversifying
the search. As in genetic algorithms, SS concerns with producing
a solution from the combination of two or more solutions to yield
better solutions than the original ones. SS became a popular method
for solving hard COPs [46]. A generic pseudo code of our hybrid SS
is shown in Fig. 3.

The hybrid SS starts the search with the diversification method
by generating a small population of initial solutions from scratch
using constructive heuristics (e.g. Savings algorithm [47] for the
CVRP). The whole population is then improved in the improvement
method using a hill climbing search. This aims to direct the search
toward the local optima.

Step1: Start with P=0. //Steps 1, 6 & 9 are Problem dependent
Use Diversification Generation Method to construct a solution.
Step2: Apply Improvement Method. Let x be the resulting solution.
Ifx%P Then add x to P (i.e., P=P ] x). Otherwise, discard x.
Repeat this step Until |P| = PSize. Otherwise, discard x.
Repeat this step Until [P| = PSize.
Step3: Use Reference Set Update Method to build RefSet (divided
into two sets) with the “best quality” b/ = {x’, , x} solutions
and; the “most diverse” b2 = {)', ..., "} solutions in P.
Order solutions in b/ according to their objective function values
such that x’ is the best solution and x” is the worst.
Order solutions in 2 according to their dissimilarity values
(using duwin(p, q)) such that y' is the best and ” is the worst.
Make NewSolutions = TRUE.
While (NewSolutions && Stopping criterion is not met) do
Step4: Generate NewSubsets with the Subset Generation Method.
Make NewSolutions = FALSE.
‘While (NewSubsets # &) do // repeat 5 times at most to update RefSet
Step5: Select the next subset s in NewSubsets.
Step6: Apply Solution Combination Method to s to obtain one or more
new solutions x.  // apply crossover to the pair of elite solutions
Step7: Apply Improvement Method to the trial solutions.
Step8: Apply Reference Set Update Method.
If (RefSet has changed) Then
Step9: Make NewSolutions = TRUE. Delete s from NewSubset.
Else Employ Diversification Generation Method to construct a new
population by perturbing elite solutions in RefSet.
Apply the Improvement Method to the new population. // hill climbing
End if
Delete s from NewSubset.
End While
End While
Step10: Return the best found Solution

Fig. 3. A generic pseudo code of the hybrid SS.
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In the reference set update method, a reference set (RefSet) of
elite and diverse solutions is created (for the first iteration) and
will be iteratively updated for the subsequent iterations once a bet-
ter quality or diverse solution than that in the RefSet is produced.
The RefSet has two subsets: b1 and b2. Elite solutions are selected
based on their quality and then stored in b1, whilst diverse solu-
tions are selected based on their greatest dissimilarity from others
in the population and then stored in b2. The solution that has more
uncommon i.e. routes from other solutions, the more diverse it
becomes. The RefSet is updated by replacing the worst elite solu-
tionin b1 by a better newly generated solution. Meanwhile, a worst
diverse solution is replaced by a newly generated solution that has
much dissimilarity from the ones in b2.

Then the subset generation method is proceeded which selects
one solutions from each subset in the RefSet to be combined and to
generate new promising solutions. Those selected two solutions are
from b1 and b2. This selection mechanism is called Type-I method
[8], which is the combination of all 2-elements subsets. This means,
combining all possible unrepeated two solutions.

As in [27], this work performs the solution combination using
a single-point crossover operator to generate two off-springs.
Feasibility of the off-springs is ensured by a repair function (prob-
lem dependent) that rectifies a corrupted solution resulted by
the crossover. These off-springs are further be enhanced by the
improvement method (e.g. the ILS). The improved off-springs
will be compared to the ones in the RefSet for updating its
contents. Then, a successive diversification generation method is
commenced once again with the same population size. The new
population is generated by performing some perturbations to the
solutions in RefSet rather than building them from scratch. The
whole process is repeated until the stopping criterion is met.

5. Computational results and discussion

We have tested the three hybrid approaches (Elitist-AS, BB-BC
and SS) over twenty nine STSP instances from TSPLIB'; fourteen
CVRPinstances (introduced by [48], which can be downloaded from
VRPWEB?); and eleven 0-1 MKP instances from [49].> As recom-
mended by the literature (e.g. [48]), we ran our approaches 25
times (for each approach) on each instance for 100,000 iterations
as a stopping condition. The experiments were performed on Intel
Core i7 2.30 GHz processor, 8 GB RAM, and implemented in Java
NetBeans IDE v 7.0.1.

5.1. Experimental setup

Parameters shownin Tables 1-3 are determined experimentally
(e.g. elite pool size) and based on the literature (e.g. Elitism). For
example, the population size in the Elitist-AS and SS is preferred to
be relatively small [8], whilst the BB-BC follows a typical population
size as of the genetic algorithms.

There are too many instances provided for the three COPs (e.g.
112 instances for the STSP). Therefore, we have determined to
test our hybrid approaches on some common instances tested
across the literature. In the following subsections, Tables 4-6
show our results obtained for our test on the STSP, 0-1 MKP and
CVRP, respectively. These tables also show the best known results
with those obtained by our hybrid meta-heuristics highlighted
in bold. The standard deviation (Std.) for each methodology is
also presented. Many published works reported the deviation
percentage - A(%) - (or brief statistics) of their best solutions from

1 OR library: http://comopt.ifi.uni-heidelberg.de/software/TSPLIB95/.
2 http://neo.lcc.uma.es/radi-aeb/WebVRP/.
3 http://people.brunel.ac.uk/~mastjjb/jeb/orlib/mknapinfo.html.

Table 1

Parameters settings used by the hybrid Elitist-AS.

Parameter

Value

Population size

Number of Iterations

Number of non-improvement iterations

Pheromone initial values
Evaporation rate

Controlling ratio (exploration vs.
exploitation)

Number of cities/knapsacks/
customers

100,000

100

0.5 for 0-1 MKP;

0.01 for STSP & CVRP
0.25€[0,1] for 0-1 MKP;
0.1€[0.04, .06] for STSP & CVRP
1.0€[1.0,1.1] for 0-1 MKP;
0.95€[0,1] for STSP & CVRP

Importance of distances/constraints 2.0
(penalty)

Number of employed neighborhood 5
structures per solution

Initial external memory (elite pool) size 5

Local search routine
Search update

Iterated Local Search
Use the best ant to update global
pheromone

Table 2
Parameters settings used by the hybrid BB-BC.
Parameter Value
Population size 100
Number of iterations 100,000
Number of non-improvement iteration 30
Reduction rate 0.8
Elite pool size 10
Local search routine Simple descent heuristic
Number of neighbors created in each 5

generation
Search update

Last population solution is forced
to be always the best

Table 3

Parameters settings used by the hybrid SS.
Parameter Value
Population size 50
Maximum number of iterations 100,000
Number of non-improvement 30

iterations
Size of RefSet (elite pool)
Local search routine

Subset selection
Crossover

Least similar
Crossover rate
Mutation rate
Search update

20 (b1=10,b2=10)

Hill climbing (in Step 2)

Iterated Local Search (in Steps 7 & 9)
Type-I selection, 2-elements subsets
One-point

Best diverse

0.8 (problem dependent)

0.04 (problem dependent)

Dynamic, once a better solution is
found

best known solutions (e.g. [43]). Therefore, in this work we report
our results similar to their illustration. The deviation percentage
- A(%) - from the best known result found in the literature is
calculated for each instance as follows: A(%)=((a—b)/b)*100,
where a is the best result returned over 25 independent runs by
each of our hybrid meta-heuristics, and b is the best known result
found in the related literature.

5.2. Experimental results

5.2.1. Symmetric traveling salesman problem
Table 4 shows our results against the best known results.
Based on Table 4, our hybrid meta-heuristics have shown to be
competitive (in most cases) with the best known results. The table
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Table 4

Results of our hybrid approaches applied to the STSP®.
Instance® Optimal solution Elitist-AS BB-BC SS

Best A(%) Std. Best A(%) Std. Best A(%) Std.

att48 10,628 10,628 0 0 10,628 0 0 10,628 0 0
att532 27,686 28,147 1.66 19.22 29,884 7.9 34.01 28,147 1.66 28.72
a280 2579 2579 0 13.03 2628 1.89 49.6 2579 0 23.04
bays29 2020 2020 0 0 2020 0 0 2020 0 0
berlin52 7542 7542 0 0 7542 0 0 7542 0 0
bier127 118,282 118,282 0 3255 118,759 4 4221 118,282 0 361.02
ch130 6110 6110 0 221 6110 0 18.19 6110 0 17.02
ch150 6528 6528 0 11.22 6528 0 14.98 6528 0 12.7
d198 15,780 15,888 .68 64.83 15,954 1.1 36.93 15,954 1.1 22.01
d2103 80,450 80,688 .29 1066.3 80,688 .29 1126.01 80,688 .29 10724
d15112 1,573,084 1,573,162 .004 25,576.1 1,582,184 .57 25,798.8 1,573,162 .004 25,613.2
eil51 426 426 0 0 426 0 0 426 0 0
€il76 538 538 0 0 538 0 0 538 0 0
fl1577 22,249 22,977 3.27 217.22 23,577 5.96 2234 22,977 3.27 2171
gr24 1272 1272 0 0 1272 0 0 1272 0 0
hk48 11,461 11,461 0 2.5 11,491 .26 6.33 11,461 0 3.12
kroA100 21,282 21,282 0 0 21,282 0 0 21,282 0 0
kroB150 26,130 26,185 21 0 26,185 21 .86 26,185 21 73
kroA200 29,368 29,420 17 1.03 29,868 1.7 1.45 29,420 17 1.3
lin318 42,029 44,169 5.09 18.63 44,169 5.09 21.03 44,169 5.09 18.2
pcb442 50,778 51,286 1.0 908.1 51,799 2.01 1006.2 51,286 1.0 902.6
pr76 10,8159 108,159 0 0 108,159 0 0 108,159 0 0
rat575 6773 6773 0 0 6773 0 0 6773 0 0
rat783 8806 8806 0 1.27 8806 0 3.32 8806 0 2.85
rd100 7910 7910 0 0 7910 0 0 7910 0 0
rd400 15,281 15,281 0 0 15,788 3.31 6.91 15,281 0 4.25
st70 675 675 0 0 675 0 0 675 0 0
tsp225 3919 3919 0 2.63 3919 0 2.98 3919 0 2.68
vm1084 239,297 239,297 0 1859.9 239,364 .02 2103.1 239,297 0 1867.2
Average deviation 43 1.1 44
2 The instances of STSP (TSPLIB95) have been officially declared in 2007 (by its founder [21]) have been solved to optimality.
b The number in the name of an instance gives the instance dimension/number of cities.

Table 5

Results of our hybrid approaches and the best known results in the literature applied to the 0-1 MKP.
Instance Best known Elitist-AS BB-BC SS
n m Best A(%) Std. Best A(%) Std. Best A(%) Std.
100 15 3766 3766 0 0 3766 0 0 3766 0 0
100 25 3958 3958 0 0 3958 0 0 3958 0 0
150 25 5650 5650 0 0 5656 0 0 5656 0 0
150 50 5764 5764 0 0 5764 0 0 5764 0 0
200 25 7557 7557 0 0 7557 0 0 7557 0 0
200 50 7672 7672 0 0 7672 0 0 7672 0 0
500 25 19,211 19,711 0 .024 19,215 0 .017 19,215 0 .014
500 50 18,801 18,806 .02 .009 18,806 .02 .006 18,806 .02 .006
1500 25 58,085 58,094 .01 .021 58,085 0 .016 58,085 0 .016
1500 50 57,292 57,294 .003 .007 57,298 .01 .004 57,294 .003 .004
2500 100 95,231 95,240 .009 .017 95,236 .005 .011 95,231 0 .002
Average deviation .0038 .0031 .002

also shows the gap between the best known solution and our hybrid
meta-heuristics. A zero gap indicates that best known (or rather
optimal) solutions were obtained. Overall, in comparison to the best
known solutions, our hybrid meta-heuristics can produce very good
solutions. Elitist-AS has obtained optimal solutions for 20 instances
out of 29; SS obtained 19 optimal solutions; and BB-BC obtained 15
optimal solutions. Across 29 instances - 25 runs for each instance
- the average A(%) is only 0.43% for the Elitist-AS; 0.44% for the SS;
and 1.1% for the BB-BC. In addition, the consistency of our hybrid
methods can be defined by the Std. over 25 runs, where the Std.
produced by Elitist-AS is smaller than those from BB-BC and SS for
all instances of the STSP (except ch130, d198, fl1577, and 1in318).
These indicate that our methodologies are very efficient and com-
petitive to solve the STSP compared in terms of solution quality and
consistency. Hence, meeting those criteria leads to the generality
of our hybrid meta-heuristics over different sizes of instances.

5.2.2. 0-1 multidimensional knapsack problem

Table 5 presents the results we have obtained and compared
them against best known results in the literature.

Table 5 shows that our hybrid meta-heuristics can find the opti-
mal solution in many instances. The SS and BB-BC are better than
the Elitist-AS in term of quality (for mostinstances). Overall, in com-
parison to the best known solutions, our hybrid meta-heuristics can
produce very good solutions. Elitist-AS has obtained optimal solu-
tions for 6 instances out of 11; SS obtained 7 optimal solutions;
and BB-BC obtained 8 optimal solutions. Across 11 instances - 25
runs for each instance - the average A(%) is only 0.002% for the SS;
0.0031% for the BB-BC; and 0.0038% for the Elitist-AS. In addition,
the consistency of our hybrid methods can be defined by the Std.
over 25 runs, where the Std. produced by SS is smaller than those
from BB-BC and Elitist-AS for all instances of the 0-1 MKP. These
indicate that our methodologies are very efficient and competitive
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Table 6

Results of our hybrid approaches applied to the CVRP.
Instance nf Qe sh L m Best known Elitist-AS BB-BC SS

Best A(%) Std. Best A(%) Std. Best A(%) Std.

vrpncl 50 160 0 00 5 524.61° 524.61 0 0 524.61 0 0 524.61 0 0
vrpnc2 75 140 0 [ 10 835.26° 83526 O 83526 O 0 83526 O 0
vrpnc3 100 200 0 00 8 826.13° 826.14 .001 1.07 826.14 .001 1.21 826.14 .001 1.1
vrpnc4 150 200 0 00 12 1028.42° 102842 0 0 1029.32 .08 26 102842 O 0
vrpncs 199 200 0 [ 17 1291.29¢ 1292.57 .09 4.96 1292.57 .09 524 1292.57 .09 4.1
vrpnc6 50 160 10 200 6 555.437 55543 0 0 55543 0 0 55543 0 0
vrpnc7 75 140 10 160 11 909.67° 90967 O 0 90967 O 0 90967 O 0
vrpnc8 100 200 10 230 9 865.94¢ 86594 0 0 86594 O 0 86594 O 0
vrpnc9 150 200 10 200 14 1162.55° 1163.52 .08 3.8 1168.78 .53 3.9 1168.25 49 3.1
vrpncl0 199 200 10 200 18 1395.85¢ 1405.26 .67 4.2 1410.58 1.5 4.3 1408.23 .88 1.02
vrpncl1 120 200 0 00 7 1042.11° 1042.11 0 0 1042.11 0 0 1042.11 0 0
vrpncl2 100 200 0 [ 10 819.55 819.56 .001 98 819.56 .001 1.9 819.56 .001 1.9
vrpncl3 120 200 50 720 11 1541.14° 154114 0 .57 1552.54 73 2.14 1548.88 5 1.42
vrpncl4 100 200 90 1040 11 866.36" 866.37 .001 1.61 866.37 .001 1.94 866.37 .001 1.71
Average deviation .06 2 .14

Note:

3 [34] - parallel iterative search

b [41] - a grammatical evolution hyper-heuristic.

¢ [35] - evolutionary algorithm with active-guided local search.

d [43] - an improved artificial bee colony.

¢ [36] - probabilistic diversification & intensification methods in local search.
f n is the number of customers.

& Qs the vehicle capacity.

h s is the services time for each customer.

i L is the route maximum length.

I m is the number of vehicle routes.

to solve the 0-1 MKP compared in terms of solution quality and
consistency. Hence, meeting those criteria leads to the generality
of our hybrid meta-heuristics over different sizes of instances.

5.2.3. Capacitated vehicle routing problem

We have tested our methodologies on a common set of 14
instances from the literature, summarized in Table 6. We also com-
pare our results against the best known results as shown in the
table.

Table 6 shows that our hybrid meta-heuristics can find the opti-
mal solutions in many instances or near-optimal ones in the rest
(i.e. obtained by SS). Overall, in comparison to the best known solu-
tions, our hybrid meta-heuristics can produce very good solutions
as well. Elitist-AS has obtained optimal solutions for 20 instances
out of 29; SS obtained 19 optimal solutions; and BB-BC obtained 15
optimal solutions. Across 14 instances — 25 runs for each instance
- the average A(%) is only 0.06% for the Elitist-AS; 0.2% for the SS;
and 0.14% for the BB-BC. In addition, the consistency of our hybrid
methods can be defined by the Std. over 25 runs, where the Std. pro-
duced by Elitist-AS is smaller than those from SS and BB-BC for all
instances of the CVRP (except vrpnc5, vrpnc9, and vrpnc10). These
indicate that our methodologies are very efficient and competitive
to solve the CVRP compared in terms of solution quality and consis-
tency. Hence, meeting those criteria leads to the generality of our
hybrid meta-heuristics over different sizes of instances. Overall, the
Std. indicates that Elitist-AS is more consistent than SS and BB-BC
across all tested problem domains.

5.3. Comparison with previous works

This section is devoted to assessing the performance of our
hybrid meta-heuristics against other conventional and hybrid
methods in the literature. So, we aim at (i) assessing the benefit of
integrating an elite pool within our hybrid methods, and (ii) test-
ing the generality and consistency of our hybrid methods over three
different COPs and compare them to others.

In order to support our hypothesis of the impact/effect of the
elite pool on the performance of population-based meta-heuristics,

we have investigated this issue by comparing our hybrid
meta-heuristics with a number of conventional and hybrid meta-
heuristics which have no elite pool. For example, a typical genetic
algorithm has a pool (specifically an explicit memory) of diverse
solutions but it does not possess a pool of elite solutions (diverse
and high-quality) [2,3]. That is why it has a great search diversifica-
tion mechanism but it lacks an efficient intensification mechanism
[2]. In some algorithms such as honey bee mating, grammatical
evolution hyper-heuristic, and memetic algorithms, the use of elite
pool can effect the performance of meta-heuristic algorithms in
solving variety of optimization problems [2] and [50-52].

Tables 7-9 show the results (optimal results are shown in bold)
obtained by our hybrid meta-heuristics for the three problems:
STSP, 0-1 MKP and CVRP compared to similar meta-heuristics that
do not possess an elite pool of high-quality and high-diversity solu-
tions. The computational time of the compared methods ranges
from 500s to 1500s.

Compared to other population-based and hybrid methods in
Tables 7-9, we can see that, almost across all instances, our hybrid
methods outperform other methods (e.g. GA in Table 7, DGALS in
Table 8, and ABC in Table 9). For example, in Table 7, our hybrid
Elitist-AS (with an elite pool) has obtained a much better result
(e.g. berlin52 =7542) than the conventional AS and CEAS. Similar
examples are those of our hybrid BB-BC (with an elite pool) com-
pared to the conventional GA (e.g. att48=10,628) and the hybrid
SS (with an elite pool) compared to GCGA-LS (e.g. eil51=426).

To see the effect in terms of the quality of utilizing an elite
pool, we implemented the Elitist-AS without an elite pool and com-
pared it to our hybrid Elitist-AS with an elite pool; please see the
last column in Tables 7-9. The conventional BB-BC is somewhat
similar to the genetic algorithm, and the conventional SS is a com-
plex meta-heuristic which already possesses a hybrid structure and
incorporates an elite pool within. Therefore, we have chosen to
implement the CEAS which has no elite pool.

Many of the methodologies applied to the three COPs tested in
this work (STSP, CVRP and 0-1 MKP) did not use an explicit memory.
This may cause the lack of maintaining a balance between diver-
sity and quality of the search. They also lack a systematic selection
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Our best results on STSP compared to population-based methods without an elite pool.

53

Instance Elitist-AS BB-BC SS GA AS GCGA-LS ACS-20pt CEAS Elitist-AS vs. CEAS
p-Value
att48 10,628 10,628 10,628 10,782 N/A 10,638 N/A 10,736 +
att532 28,147 29,884 28,147 N/A N/A N/A N/A 31,861 +
a280 2579 2628 2579 N/A 2687 N/A 2618 3092 +
bays29 2020 2020 2020 N/A 2077 N/A 2020 2022 +
berlin52 7542 7542 7542 N/A 7601 N/A 7542 7548 +
bier127 118,282 118,759 118,282 120,978 N/A 119,363 N/A 120,516 +
ch130 6110 6110 6110 N/A N/A N/A N/A 6265 +
ch150 6528 6528 6528 N/A 6696 N/A 6570 6759 +
d198 15,888 15,954 15,954 16,108 N/A 15,940 N/A 16,066 +
d2103 80,688 80,688 80,688 N/A N/A N/A N/A 80,882 +
d15112 1,573,162 1,582,184 1,573,162 N/A N/A N/A N/A 1,591,630 +
eil51 426 426 426 430 N/A 427 N/A 431 +
eil76 538 538 538 552 N/A 548 N/A 551 +
fl1577 22,977 23,577 22,977 N/A N/A N/A N/A 30,102 +
gr24 1272 1272 1272 N/A N/A N/A N/A 1272 ~
hk48 11,461 11,491 11,461 N/A N/A N/A N/A 14,541 +
kroA100 21,282 21,282 21,282 21,554 N/A 21,292 N/A 22,802 +
kroB150 26,185 26,185 26,185 26,698 N/A 26,556 N/A 26,906 +
kroA200 29,420 29,868 29,420 30,166 31,662 30,191 29,470 30,478 +
1in318 44,169 44,169 44,169 43,607 43,651 44,396 42,086 45,716 +
pcb442 51,286 51,799 51,286 52,923 53,469 54,670 51,790 58,231 +
pr76 108,159 108,159 108,159 109,132 N/A 108,308 N/A 109,729 +
rat575 6773 6773 6773 N/A N/A N/A N/A 7579 +
rat783 8806 8806 8806 N/A 8950 N/A 8815 9554 +
rd100 7910 7910 7910 8203 8603 7986 8159 8328 +
rd400 15,281 15,788 15,281 15,933 N/A 16,215 N/A 17,413 +
st70 675 675 675 683 752 675 722 675 ~
tsp225 3919 3919 3919 N/A N/A N/A 4102 4007 +
vm1084 239,297 239,364 239,297 N/A N/A N/A N/A 241,758 +

Note: GA: genetic algorithm by [27]. ACS-2opt: two-stage ant colony system and 2opt by [30]. AS: ant system by [30]. GCGA-LS: generalized chromosome GA with local

search by [27].

Table 8

Our best results on 0-1 MKP compared to population-based methods without an elite pool.

Instance Elitist-AS BB-BC SS DGALS CEAS Elitist-AS vs. CEAS
n m p-Value
100 15 3766 3766 3766 3766 3832 +
100 25 3958 3958 3958 3958 4655 +
150 25 5650 5656 5656 5656 5780 +
150 50 5764 5764 5764 5764 5846 +
200 25 7557 7557 7557 7557 7775 +
200 50 7672 7672 7672 7672 8266 +
500 25 19,711 19,215 19,215 19,211 22,557 +
500 50 18,806 18,806 18,806 18,796 19,686 +
1500 25 58,094 58,085 58,085 58,078 59,278 +
1500 50 57,294 57,298 57,294 57,295 77,785 +
2500 100 95,240 95,236 95,231 95,378 103,690 +
Note: DGALS: double genetic algorithm with local search by [33].
Table 9
Our best results on CVRP compared to population-based methods without an elite pool.
Instance Elitist-AS BB-BC SS ABC TS-PR CEAS Elitist-AS vs. CEAS
p-Value
vrpncl 524.61 524.61 524.61 526.74 524.61 524.61 ~
vrpnc2 835.26 835.26 835.26 865.23 836.37 886.39 +
vrpnc3 826.14 826.14 826.14 842.47 828.26 826.14 ~
vrpnc4 102842 1029.32 102842 1065.71 1034.08 1063.35 +
vrpncs 1292.57 1292.57 1292.57 1382.85 1311.78 1420.00 +
vrpnc6 555.43 555.43 555.43 560.33 555.43 555.43 ~
vrpnc7 909.67 909.67 909.67 945.56 909.68 909.68 +
vrpnc8 865.94 865.94 865.94 887.71 866.71 887.71 +
vrpnc9 1163.52 1168.78 1168.25 1235.37 1177.01 1170.32 +
vrpnc10 1405.26 1410.58 1408.23 1497.92 1420.66 1492.11 +
vrpncl1 104211 1042.11 1042.11 1183.92 1042.97 1146.60 +
vrpnc12 819.56 819.56 819.56 843.17 819.56 821.12 +
vrpncl3 1541.14 1552.54 1548.88 1592.88 1568.79 1650.88 +
vrpncl4 866.37 866.37 866.37 881.41 866.37 886.62 +

Note: ABC: the original artificial bee colony algorithm by [43]. TS-PR: tabu search and path re-linking algorithm by [42].
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strategy or a solution combination strategy, where this might be
the reason behind their poor results or (more importantly) their
ability to tackle only one specific problem (a customized methodol-
ogy for solving a specific problem). On the other hand, some works
reported in the literature used some memory to store the best solu-
tion (such as the bee colony algorithm in [20], or the ant colony
algorithm in [53]), but unfortunately they did not provide a clear
description of the memory.

From Tables 7-9, for most instances (of the three COPs), it can
be clearly seen that our methodologies (especially the SS) are bet-
ter than those without elite pools (e.g. see att48 in Table 7). This
demonstrated the effectiveness of using an elite pool (of diverse and
high-quality solutions) in a population-based method. Some of our
results are exactly the same as others (e.g. see vrpnc1 in Table 9).
In few cases, our methodologies obtained worse results than those
of the original approaches (elite pool-less); this might be due to
the pseudorandom behavior of a population-based meta-heuristic.
However, the SS meta-heuristic is the only standalone method so
far that has an explicit memory, a systematic selection, and an
explicit solution combination. Note that in order to investigate the
effectiveness of having pool in the meta-heuristic algorithms; we
have embedded similar strategies and components of basic SS in
our hybrid Elitist-AS, BB-BC and SS. This structure may enable our
approaches to maintain a balance between diversity and quality of
the search. Across all instances, it appeared that the SS is the best
approach compared to our hybrid Elitist-AS, and BB-BC. It could be
due to the utilization of an explicit-elite pool structure (namely Ref-
Set) that is already embedded within the SS by default (unlike its
counterparts). This RefSet is well structured in a way that it interacts
effectively with the solutions combination and the diversification
generation methods to provide an adaptive search update. There-
fore, it may guarantee a relatively fast convergence toward high-
quality (or optimal) solutions without losing diversity of the search.
As mentioned before, both Elitist-AS and BB-BC meta-heuristics
possess an implicit memory to store high-quality and diverse solu-
tions; yet it could be exhaustive to directly apply permutations
and perturbations, e.g. apply problem dependent neighborhood
structures, to good quality or diverse solutions for more quality
improvements. We believe that the transition between implicit and
explicit solution representations during the search process is a hard
task. However, all of our methods are fairly effective and consistent
across three problems (STSP, MKP, and CVRP).

In addition to the results above, it is worthwhile to draw some
statistically significant conclusions regarding the performance of
Elitist-AS and the CEAS. Therefore, the Wilcoxon test (pairwise
comparisons) with significant level of 0.05 is performed. The p-
value of the Wilcoxon test of Elitist-AS versus CEAS is presented in
the last column of Tables 7-9. Where “+” indicates Elitist-AS is sta-
tistically better than CEAS (p-value <0.05), “~” indicates Elitist-AS
outperformed by CEAS (p-value >0.05) and “~” indicates both algo-
rithms have the same performance (p-value =0.05). The results in
Tables 7-9 (last column) show that Elitist-AS is statistically bet-
ter than CEAS on 49 instances, not statistically better than CEAS
on none of the instances, and perform the same as CEAS on 5
instances out of 54 tested instances of the considered problem
domains.

To summarize, the results demonstrate that Elitist-AS is better
than CEAS in terms of consistency, efficiency and generality with
regards to the tested instances of the considered problem domains.
This is mainly due to the use of elite pool within Elitist-AS which
has a positive effect on the ability of Elitist-AS in producing good
quality and consistent results compared to CEAS. In all domains,
the Std. and the A(%) of Elitist-AS, BB-BC, and SS reveal that their
results are stable and very close to the best results obtained by
other population-based meta-heuristic methods. All of the obser-
vations above serve as evidence that the Elitist-AS, BB-BC, and SS are

capable of producing good quality results over all instances, instead
of just a few ones.

As shown in this experimental study, our hybrids SS, Elitist-AS
and BB-BC obtained in all three problems (STSP, CVRP and 0-1
MKP) competitive results, if not optimal ones in some instances,
when compared against the best known results reported in the
literature. For the three problems, the percentage deviation demon-
strates that, the results of our hybrid meta-heuristics are very close
to the best known ones. This is proven based on their consis-
tency and generality across the three problems. We believe this
is due to the factor of hybridizing an explicit memory structure
(e.g. reference set) in each of our meta-heuristics to diversify the
search by exploring different regions of the search space, or rather
by escaping local optima, while preserving high-quality solutions.
Overall, the result implies that hybridizing an explicit memory
structure with a population-based meta-heuristic has a significant
impact on the performance of population based meta-heuristics
(specifically SS, Elitist-AS and BB-BC) in solving STSP, CVRP and
0-1 MKP.

5.4. Computational complexity

It is interesting to consider the computational complexity of
the algorithm in order to know which portion is most compute-
intensive in our proposed hybrid meta-heuristics. Based on our
analysis, the computational complexity of the search in our
hybrid meta-heuristics is not high when compared to most
meta-heuristics. This presents another benefit of our hybrid meta-
heuristics - i.e., the general and computational efficiency for arange
of problems. To provide some indication where most of the time is
being spent, the computational complexity or cost of the hybrid
meta-heuristics is briefly analyzed below:

1. The overall computational complexity for each of the meta-

heuristics (without hybridization) is:
i O(p *n) for Elitist-AS.

ii O(k*n) for BB-BC.

iii O(p*n+ny (RefSize2/2)n)for SS. where p is the population size,
n is the number of iterations, n; is the number of loops, k is
the number of crossovers (perturbations), and RefSize is the
memory size.

2. However, our proposed hybrid meta-heuristics start by initializ-
ing the population of initial solutions:

iv Initialization = O0(m? +p). Where p is the population size, and
m is the dimension of the solution.

3. Constructive heuristics are employed in the population initializa-
tion:

v Nearest Neighbor complexity O(n2) for STSP.

vi Greedy method complexity O(n? log; (n)) for 0-1 MKP.

vii Savings algorithm complexity O(n? log; (n)) for CVRP.
Regardless a specific type of constructive heuristics, generally

the complexity is=0(m?2 *p).

4. Next, they generate a population of solutions for the adaptive
memory mechanism (e.g. external memory, elite pool, Refset)
which has complexity O(s * m), where s is the memory size and m
is the dimension of the solution (e.g. number of cities in STSP).

5. The proposed hybrid meta-heuristics will then employ local
search routines to generate new better quality solutions:

viii Hill Climbing complexity =O(n).

ix Iterated local search=0(n).

x Simple descent heuristic=O(n).

6. Each hybrid meta-heuristic will call a local search routine every
n iterations (every n consecutive non-improvement iterations)
to generate a new population from scratch or re-initializing the
search as follows:
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xi Selection=0(m).
xii Crossover=0(m — 1) for BB-BC and SS.
xiii Mutation=0(m (1 +q)) BB-BC and SS, where q is the mutation
probability.
xiv Perturbations=0(m — 1) for Elitist-AS.
xv Deposit pheromone trail = O(m?2 * p) for Elitist-AS.
xvi Update pheromone trail = O(m?2) for Elitist-AS.

7. The hybrid meta-heuristics will update the adaptive memory
mechanisms (e.g. external memory, elite pool, Refset) and sort
the solutions of the adaptive memory mechanism which has the
complexity O(slog(s)).

8. The search is updated by the elitism. The search will examine
solutions in the memory whether to loop or to stop:

xvii Elitism=0(m * p?).
xviii Loop or EXit (stopping criterion)=0(m * p).
Thus, the overall complexity for each proposed hybrid meta-

heuristic is:

e Hybrid Elitist-AS=0(m? +p)+0(m? * p)+O(s * m)+0(n)
+0(m—1)+0(m? *p)+0(m?)+O(slog(s)) + O(m * p?) + O(m * p).

e Hybrid BB-BC=0(m? +p)+0(m?2 *p)+0(s *m)+0(n)+0(m)
+0(m —1)+0(m(1+q))+0(slog(s))+ O(m *p?)+O(m* p).

e Hybrid SS=0(m? +p)+0(m? *p)+0(s *m)+0(n)+0(m)
+0(m —1)+0(m(1+q))+0(slog(s))+O(m *p?)+0(m * p).

Note that O(m? *p) can be replaced by one of the following: O(n?)
for STSP, or O(n? log, (n)) for 0-1 MKP, or O(n? log; (n)) for CVRP.

Intentionally, we have not simplified them as we wish to draw
out the complexity of the various stages. Since the proposed
hybrid meta-heuristics have been tested on three different prob-
lem domains, and each one uses a variety of local search routines,
we have not presented in detail the complexity of the utilized local
search routine. By inspection, we can observe that the complex-
ity of the local search routine (O(n)) is very low, e.g. w.r.t. to the
parameters of n, m and p, etc., therefore does not present to be a
critical factor in the proposed hybrid meta-heuristics. The crucial
factors are presented in the memory structures (external memory,
elite pool, Refset) and the search update (see steps 4 and 7, steps
6 and 8, respectively). In some cases, constructive heuristics could
be presented as crucial factors too (see step 3); such as the case of
CVRP.

Overall, the advantages of our hybrid methods are the ability
to utilize the heuristic information about diverse and high-quality
solutions during instance solving - via elite pool - to diversify
the search while intensifying the improvement of a high-quality
solution. Results demonstrate that our hybrid methods provide a
general mechanism regardless the nature and complexity of the
instances and can be applied to other domains without many
changes (i.e. the user only needs to change the constructive heuris-
tics and neighborhood structures). Applying a methodology to
other problem domains or even different instances of the same
problem usually requires a considerable amount of modification
(e.g. change algorithm parameters or structures). We have demon-
strated the generality of our hybrid methods across three different
problem domains. We would hope that the proposed methodolo-
gies would also generalize to other domains.

We evaluate the performance of our hybrid meta-heuristics by
considering the following three criteria:

Generality: We define generality as the ability of our hybrid
methods to work well, not only across different instances of the
same problem, but also across three different problem domains.

Consistency: The ability of our hybrid methods to produce stable
results when executed several times for every instance. Typically,
consistency is one of the most important criteria in evaluating any
algorithm. This is due to the fact that many search algorithms have
a stochastic component, prompting thus different solutions over
multiple runs even if the initial solution is the same. We measure

the consistency of our hybrid methods based on the average and
the standard deviation over 25 independent runs.

Efficiency: The ability of our hybrid methods to produce good
results that are close or better than the best known value in the
literature. We measure the efficiency of our hybrid methods by
reporting, for each instance, the best and the percentage deviation,
A(%), from the best known results in the literature.

For all tested instances, we compared our hybrid methods’
results with similar methods in terms of solution quality rather
than computational time. This can be attributed to the fact that
different computer resources used made the comparison very dif-
ficult. Therefore, we set the number of iterations as the termination
criteria as a result of the use of the adaptive memory (e.g. 20 min)
in our hybrid methods. As a result, the execution time of our
hybrid methods is within the range of those published in the
literature.

6. Conclusion

In this study, we have demonstrated the generalization, and con-
sistency of three hybrid population-based meta-heuristics (namely,
SS, Elitist-AS, and BB-BC) in three different classes of COPS (i.e. STSP,
CVRP, and 0-1 MKP) using the same parameters settings. This was
achieved by investigating and testing the impact of an elite pool
on the general performance of a population-based meta-heuristic.
The three hybrids population-based meta-heuristics utilize an elite
pool (namely, reference set in the SS, elite pool in the BB-BC, and
external memory in the Elitist-AS) which contains a collection of
diverse and high-quality solutions. These memory structures help
maintain a balance between diversity and quality of the search.
For example, escaping local optima, i.e. the minima or maxima
according to a problem’s formulation, can be made through the
employment of generating new solutions from those diverse ones
in the elite pool. This way, the search might be diversified for new
promising areas. In addition, the search can be converged toward
better quality solutions by concentrating the search around good
quality solutions from the elite pool.

Results showed that the three hybrid meta-heuristics produce
high-quality solutions, if not optimal, and their performance are
or can be generalized well across the three problems. The study
concluded that the hybridization of an elite pool (which con-
tains a collection of high-quality and diverse solutions) within a
population-based meta-heuristic can enhance the performance of
population-based meta-heuristics that is generalized well across
different problems and producing high-quality solutions which are
either competitive or optimal in some cases. The analysis and dis-
cussion on the computational complexity is another proof that our
hybrid meta-heuristics are efficient across three COPs.

The main contributions of this work are as follows:

¢ The development of the hybrid methods (Elitist-AS, BB-BC, and
SS) that possess elite pool and perform heuristic perturbations,
demonstrating that strengths of different search algorithms can
be merged into one hybrid population-based meta-heuristic
methodology (e.g. constructive heuristics and meta-heuristics;
population-based and local search methods).

¢ The hybridization of an adaptive memory mechanism (e.g. elite
pool) that contains a collection of high-quality and diverse solu-
tions, with a population-based meta-heuristic, and manages to
obtain consistent results, generalized across different problem
domains in addition to producing high-quality solutions that are
either competitive or better than other similar methods in some
cases.

¢ The development of a hybrid meta-heuristic which can be easily
applied to different problem domains without much effort, e.g.
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the user only needs to change the constructive heuristics and
neighborhood structures.

In particular, the use of an elite pool provides a diversity of high-
quality solutions from which our hybrid meta-heuristics can start
their search process for better solutions. The elite pool also provides
a mean of implement cooperation and to achieve faster conver-
gence. In future work, we intend to investigate the effectiveness of
our hybrid meta-heuristics across other COPs.
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